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We give an asymptotic estimate of the number of rational points in a ﬂag variety
over function ﬁelds of bounded height associated to the anticanonical line bundle.
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Let F be the function ﬁeld of one variable over the ﬁnite ﬁeld Fq where q is a
power of the characteristic p of F . Let G be a connected semi-simple linear
algebraic group over F . We ﬁx once and for all a minimal F -rational
parabolic subgroup P0  G. Let P be a standard (i.e., containing P0)
parabolic subgroup. Let V denote the ﬂag variety P =G and p :G! V be the
canonical projection. For an algebraic group H we write RatðH Þ for the
group of its F -rational characters. An element w 2 RatðP Þ deﬁnes a line
bundle Lw on V , whose sections on an open subset U  V are
GðU ; LwÞ ¼ ff 2 Gðp1ðU Þ;OGÞ : f ðpgÞ ¼ wðpÞf ðgÞ for all p 2 P ; g 2 Gg:
Let Fv denote the completion of F at v. Let A be the adele ring of F . Choose a
maximal compact subgroup K ¼
Q
v Kv of GðAÞ in such a way that
GðAÞ ¼ P0ðAÞK. We put a natural Kv-invariant v-adic metric on the line
bundle Lw in the following way: let s be a section of Lw on a neighborhood U
of x in V ðFvÞ corresponding to a function f in Gðp1ðU Þ;OGÞ. Choose k 2 Kv
such that pðkÞ ¼ x. Put jsjx;v ¼ jf ðkÞjv. We deﬁne a height function on V ðF Þ by
hwðxÞ ¼
Y
v
jsj1x;v ;142
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RATIONAL POINTS IN FLAG VARIETIES 143where s is a section of Lw in a neighborhood of x which is F -rational and non-
vanishing at x [11].
A basic problem of diophantine analysis is to investigate the asymptotics
as T !1 of the number N ðV ; w; T Þ of rational points of bounded height:
N ðV ; w; T Þ ¼ cardfx 2 V ðF Þ: hwðxÞ  T g:
This is achieved by studying the analytic properties of the following height
zeta function:
ZwðsÞ ¼
X
x2V ðF Þ
hwðxÞ
s:
Fix a Levi subgroup M0 of P0. Let M be the Levi subgroup of P containing
M0. Let rP be the half-sum of positive roots of M in the Lie algebra of the
unipotent radical U of P . Then L2rP is the anticanonical bundle of V . Write
rkðP Þ for the rank of P . In this case, we prove
Theorem 1.1. There exists a constant c 1 such that for T  0
c1  N ðV ;2rP ; T Þ=ðT ðlog T Þ
rkðP Þ1Þ  c:
This result illustrates the phenomenon that the counting function for the
number of rational points on generalized ﬂag varieties over function ﬁelds
makes ‘‘exponential jumps.’’ The conjecture of Batyrev and Manin [1, 3.13]
that the height zeta function in our situation is a rational function of qs
follows from the analogous result for Eisenstein series. It is of interest to
point out that for an abelian variety over F its height zeta function is a theta
function [1, 3.13]. If A is an abelian variety of rank r over a number ﬁeld
then N ðA; T Þ  cðlog T Þr=2 for some constant c [6, (0.1)]. IfT is an algebraic
torus over a number ﬁeld and L is a suitable line bundle on a smooth toric
variety containing T as a Zariski open subset, then [2]
N ðT; L; T Þ ¼ cT aðlog T Þbð1þ oð1ÞÞ
for some constants a; b; c depending on L. For some results on the counting
function for aﬃne homogeneous varieties, we refer to [4, 5].
Franke et al. [6] proved in the number ﬁeld case the following asymptotic
formula:
N ðV ;2rP ; T Þ ¼ Tpðlog T Þ þ oðT Þ;
where p is a polynomial of degree rkðP Þ  1. Our proof, as in their case,
follows from an observation of Franke that the height zeta function can be
expressed as an Eisenstein series. Since the positions of the poles of the
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we can expect a diﬀerent result as the following example shows.
Let G be PGLn over F ¼ FqðtÞ and P be the standard parabolic subgroup
having Levi component ðGLn1 GL1=GL1Þ. Consider the ðn 1Þ-dimen-
sional projective space V ¼ P =PGLn. An F -rational point of V has the form
½f1 : . . . : fn with fi 2 Fq½t; i ¼ 1; . . . ; n, such that the ideal generated by the
fi is Fq½t. The metric on the anticanonical line bundle OV ðnÞ corresponding
to K ¼
Q
GðovÞ gives the following height function:
hð½f1 : . . . : fnÞ ¼ ðmaxðdegðf1Þ; . . . ;degðfnÞÞÞ
n:
Then the number of rational points of height bounded by T is
N ðV ; T Þ ¼ 1þ
qn  q
q 1
qnaðT Þ;
where aðT Þ ¼ ½ logðT Þn logðqÞ. This shows that N ðV ; T Þ is not asymptotically equal to
cT for any constant c. In fact the height zeta function in this case is
qn  q
q 1
1 qqns
1 qnqns
;
and so it has an inﬁnity of poles on the line ReðsÞ ¼ 1, provided n 2. In
contrast if Pn is the projective n-space over a number ﬁeld then Schanuel [10]
proved that N ðPn;Oðnþ 1Þ; T Þ  cT for some constant c.
We would like to thank the referee for the above example and his
generous suggestions in particular with regard to the correct form of the
theorem.
2. CHARACTERS
Let T0 be the maximal split torus of the center of M0. We denote by
RðT0;GÞ the root system of G relative to T0. The choice of P0 determines a set
RþðT0;GÞ of positive roots of RðT0;GÞ and a subset of simple roots denoted
by D0. Let PP0 be a standard parabolic subgroup of G. Let M  M0 be the
respective standard Levi subgroup and TM be the maximal split torus in the
center of M . Restriction deﬁnes an injection
RatðTM Þ Z R’ RatðMÞ Z R+RatðM0ÞR ’ RatðT0Þ Z R:
Write DM for the subset of D0 consisting of those elements which have non-
trivial restrictions to TM . DM can be identiﬁed with a generating set for
ðMÞ Z R.
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for aM0 , etc. We denote by Reða
M
0 Þ * the real vector subspace of Re a
*
0
generated by the set RðT0;MÞ of roots T0 in M . By means of the restriction
map ofM toM0, Re a*M is identiﬁed with a real vector subspace of Re a
*
0 and
we have
Re a*0 ’ Re a
*
M Reða
M
0 Þ* :
Identify Re aM with the subspace fH 2 a0: H ðaÞ ¼ 0; a 2 RðT0;MÞg of Re a0.
Denote by Re aM0 the subspace of Re a0 annihilated by Re a
*
M . Then, we have
Re a0 ’ Re aM0 Re aM :
We associate to every a in RðT0;GÞ its co-root $a in the group of one-
parameter subgroups of T0. We denote by h;i the canonical pairing with
values in Z between the group Rat T0 of rational characters of T0 and the
group of its one-parameter subgroups. For w in Rat ðM0Þ, write wjT0 for its
restriction to T0 and deﬁne hw; $bi to be hwjT0 ;
$bi for any co-root $b. We
extend this R-linearly to Rat ðM0Þ Z R’ Rat ðT0Þ Z R.
Let w 2 Rat ðMÞ. For every place v of F ; w deﬁnes a character denoted by
wv of MðFvÞ into F

v . Deﬁne a continuous homomorphism jwj ¼ MðAÞ ! C

by
mjwj ¼
Y
v
jmwvv jv;
where m ¼ ðmvÞ 2 MðAÞ and j jv in the absolute value of Fv. Let
M1 ¼
T
w2RatðMÞ Ker jwj.
Let XM be the group of continuous homomorphisms of MðAÞ into C

which are trivial on M1. Let Re XM be the subgroup of XM consisting of
those elements with values in Rþ. Then XM is isomorphic to Rat ðMÞ Z
C=L where L is 2pi=log q times a lattice of Rat ðMÞ Z Q. Under this
isomorphism, Re XM is isomorphic to Rat ðMÞ Z R. By the restriction map
of M to M0, we identify Rat ðMÞ Z R with a real vector subspace of
RatðM0Þ Z R. Denote by XM0 (resp. Re X
M
0 Þ the set of elements of X0 (resp.
Re X0) which is trivial on the center of M . Then Re XM0 is isomorphic to
ReðaM0 Þ * and Reða
M
0 Þ* R C=ð2pi=log qÞL is embedded in X
M
0 for some
lattice L of RatðMÞ Z Q\ReðaM0 Þ* R C.
Let U be the unipotent radical of P . Since GðAÞ ¼ P ðAÞK and M 
ðAÞ \ K  M1 we can deﬁne a map
mP :GðAÞ ! M1=MðAÞ
by mP ðgÞ ¼ M1m if g ¼ umk where u 2 U ðAÞ, m 2 MðAÞ and k 2 K.
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neighborhood of x ¼ pðgÞ in V ðF Þ with g 2 GðF Þ. Suppose s is represented by
a function f . Because f ðgÞ 2 F  it follows from the product formula that
hwðpgÞ ¼ mpðgÞ
w;
and so the height zeta function is
ZwðsÞ ¼
X
g2P ðF Þ=GðF Þ
mP ðgÞ
sw:
3. EISENSTEIN SERIES
The formula for the height zeta function as a series over P ðF Þ=GðF Þ leads
us to consider the following Eisenstein series:
EGP ðl; gÞ ¼
X
g2P ðF Þ=GðF Þ
mP ðggÞ
lþrP ;
where l 2 XGM and g 2 GðAÞ. This series converges normally for g in a
compact set and if hRe l; $ai > hrP ; $ai for all a 2 DM (see [8, II.1.5]). Then
ZwðsÞ ¼ EGp ððswþ rP Þ; eÞ;
where e 2 GðAÞ is the identity element and the series absolutely converges for
hRe ðsÞwþ 2rP ; $ai50 with a 2 DM .
The analytic behavior of Eisenstein series is controlled by its cuspidal
components. We need to introduce the intertwining functions: for w 2 W ,
the Weyl group of the root system RðT0;GÞ, we write w also for its F -rational
representative in the normalizer of T0 in G, put
cðw; lÞ ¼
Z
mP0 ðw
1uÞlþrP0 du;
where the integral is over wU0ðAÞw1 \ U0ðAÞ=U0ðAÞ.
Introduce the Eisenstein series
EPP0 ðl; gÞ ¼
X
g2P0ðF Þ=P ðF Þ
mP0 ðggÞ
lþrP0 :
Then, Z
U0ðF Þ=U0ðAÞ
EPP0 ðl; ugÞ du ¼
X
w2W T
cðw; lÞmP0 ðgÞ
wlþrP0 ;
where W T consists of those w 2 W which act trivially on aM .
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precisely the hyperplanes
qh$a;lrP0i ¼ 1;
where a is a simple root such that wa is a negative root. Their multiplicity is
one. No other singular division intersects rP0 þ iRe a
*
0 .
This is well known and the proof in [6] carries over (see also [8, IV.1.11,
II.1.5, 9, I.3.5.2].
Theorem 3.1. The height zeta function Z2rP ðsÞ has the following
properties.
(1) It is a rational function in qas for some positive rational number a.
(2) It is holomorphic in the half-plane ReðsÞ > 1.
(3) It admits a meromorphic continuation to the whole complex s-plane.
(4) For any integer n there is a pole of order r ¼ rkðP Þ at s ¼ 1þ
2npi=log q and there are no other poles on the line ReðsÞ ¼ 1.
Theorem 1.1 follows directly from this theorem by applying the following
tauberian lemma. The rationality of the height zeta function is not used in
the proof here. It is pointed out by the referee that one could use the
rationality to obtain sharper results on the asymptotic behavior of the
number of rational points.
Lemma 3.2 Suppose that the function f ðsÞ has the following properties:
(1) There exists b > 0 such that for ReðsÞ > b we have
f ðsÞ ¼
X1
n¼1
an=ns;
where an  0.
(2) There exists d  0 such that in the region ReðsÞ  b and jIðsÞj  d the
function f ðsÞ is meromorphic with at most a pole of order aþ 1ða > 1Þ at
s ¼ b.
Then there exists a constant c 1 such that for T  0
c1 
X
nx
an=T bðlog T Þ
a  c
(see [3]).
We now prove Theorem 3.1.
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cP ¼ lim
l!lP0
Y
a2DM0
ðqh$a;lrP0i  1ÞcðwT0 ; lÞ;
where wT0 is the longest element of W
T . Using the cuspidal component
lemma [8, I.3.4] and the fact that for w 2 W T ; y 2 a*M we have
cðw; lþ yÞ ¼ cðw; lÞ;
we obtain, for y 2 a*M ,
lim
l!0
l2ReðaM
0
Þ *
Y
a2DM0
ðqh$a;li  1Þ
0
@
1
AEPP0 ðlþ yþ rP0 ; gÞ ¼ cPmP ðgÞyþ2rP
by comparing the constant terms of both sides along P0. From this it follows
that
lim
l!0
l2ReðaM
0
Þ *
Y
a2DM0
ðqh$a;li  1Þ
0
@
1
AEGP0ðlþ yþ rP0 ; gÞ ¼ cPEGP ðyþ rP ; gÞ:
Together with the above limit, with P replaced by G, we get
lim
y!0
Y
a2D0DM0
ðqh$a;yi  1ÞEGP ðyþ rP ; gÞ ¼
cG
cP
:
Finally, putting y ¼ 2ðs 1ÞrP we get
lim
s!1
ðqs1  1ÞrkðP ÞZ2rðsÞ ¼ cG cP
Y
a2DDP0
q2h$a;rPi
0
@
1
A:
,
As the singularity of the Eisenstein series EGP0 is no worse than that of the
intertwining operators cðw; Þ [8, p. 167] Lemma 2 implies that there are at
most r ¼ rkðP Þ singular hyperplanes of EGP containing rP . It follows that for
any integer n the function Z2rðsÞ has a pole of order  r at
s ¼ 1þ 2npi=log q. We have computed the rth residue of Z2rðsÞ at s ¼
1þ 2npi=log q showing that this residue is not zero.
It is a result of Harder [7] that the cuspidal Eisenstein series over function
ﬁelds are rational functions [8, Chap. IV.3.14]. As the Eisenstein series used
above to express the height zeta function is a derivative of a cuspidal
Eisenstein series, statement (1) follows.
This completes our proof.
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